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Qh! Abstract 

<D 

Linear recursion relations for the instanton corrections to the effec- 
tive prepotential of 7V=2 supersymmetric gauge theories with an ar- 
k> , bitrary number of hypermultiplets in the fundamental representation 

^ ! of an arbitrary classical gauge group are derived. The construction 

proceeds from the Seiberg-Witten solutions and the renormalization 
group type equations for the prepotential. Successive iterations of 
these recursion relations allow us to simply obtain instanton correc- 
tions to arbitrarily high order, which we exhibit explicitly up to 6-th 
order. For gauge groups SU(2) and SU(3), our results agree with 
previous ones. 
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1. Introduction 

Over the past few years there has been great progress in understanding 
non-perturbative dynamics of J\f—2 SUSY gauge theories starting with the 
SU(2) case [[J, further generalizations to other gauge groups @ and additions 
of matter hypermultiplets ||. Non-perturbative corrections in weak coupling 
correspond to instanton effects |4]] which were evaluated using field theory 
techniques to one instanton 0] HI @ 10] an d two instanton || orders. 

Some of the previous instanton calculations using the Seiberg-Witten 
ansatz were performed by solving the Picard-Fuchs equations for the pe- 
riod integrals corresponding to the quantum moduli parameters representing 
the set of vacuum expectation values of the Higgs fields |§ [17|] [0 . Other 



previous calculations involved solving the period integrals directly [ffnj, and 
were found to be in agreement with the Picard-Fuchs and field theory results. 
In an intriguing paper |ll|| , a recursion relation for the instanton corrections 



to the effective prepotential T was found for the pure SU(2) case which led 
us to seek a generalization of this result for any gauge group and number of 
matter hypermultiplets. In a related development, the Seiberg-Witten equa- 



tions were viewed analogously to the Whitham hierarchy equations [12| and 



the WDVV equations [13|. Nonlinear recursion relations for the instanton 
corrections involving Jacobi ^-functions (which themselves involve r^ as in 
[ |T6|j ) were derived starting from the Whitham hierarchy equations |TJ]]. The 



beta function of the prepotential J 7 , first observed in |L5| and later proved 
in [16), is the starting point of our discussion and provides a very direct 



way at calculating instanton corrections to the prepotential T without hav- 
ing to perform complicated hyperelliptic integrals and immediately obtaining 
rational expressions without ^-functions. 

The Seiberg-Witten solutions for classical gauge groups SU(N), SO(N), 
and Sp(N) and the renormalization group like equation for the prepotential 
J-, led us to the discovery of a general recursion relation expressing the 
n — th order instanton correction to the prepotential T in terms of the (n — 
l)th, • • • , 1st order instanton corrections for super Yang-Mills theory with 
matter hypermultiplets in the fundamental representation of classical gauge 
groups G. 

We start off by reviewing the Seiberg-Witten solution for Af=2 super 
Yang-Mills theory with hypermultiplets in the fundamental representation of 
any arbitrary classical gauge group. The renormalization group type equation 



for the prepotential T is discussed next and it is shown how it can be used 
to determine the instanton corrections to the prepotential to arbitrary order 
in an efficient manner. Recursion relations for the instanton corrections are 
then derived and shown to reproduce previous results. 

2. The Seiberg-Witten Solution for Arbitrary Classi- 
cal Gauge Group G 

The Seiberg-Witten (SW) ansatz gives a prescription for determining 
the prepotential of the effective action for M—2 supersymmetric Yang-Mills 
gauge theories, as well as for determining the spectrum of BPS states. 

We consider, Af=2 SUSY gauge theories with classical gauge groups 
SU(r + 1), SO(2r + 1), Sp(2r) and SO(2r), of rank r and number of colours 
N c — r + 1, 2r + 1, 2r, and 2r respectively. We include Nf hypermulti- 
plets in the fundamental representation of the gauge group, with bare masses 
rrij, j — 1, • • • , Nf. We restrict to the asymptotically free theories; this limits 
the hypermultiplet contents Nf. (ie. Nf < 2N C for SU(N C )). The classical 
vacuum expectation value of the gauge scalar is parameterized by complex 
moduli 0^, k — 1, • • • , r as follows 



SU(r + 1) 


<f) = diag[a,i, ■ 


■ ■ , a r , a, r +i\ 


SO(2r + l) 


(ft = diag[Ai, 


, vA r , UJ 


Sp(2r) 


<f) = diag[di, - 


Ui~^ , , Uiy* , Ui> 



Oi + • • • + a r + a r+ i = 



;i) 



SO (2r) = diag[Ai, • • • , A] A k 




For generic a^'s, the gauge symmetry is broken to U(l) r and the dynamics 
is that of an Abelian Coulomb phase. The Wilson effective Lagrangian of 
the quantum theory to leading order in the low momentum expansion in the 
Abelian Coulomb phase is completely characterized by a complex analytic 
prepotential !F{a). 

The SW ansatz for determining the full prepotential JF is based on a 
choice of a fibration of spectral curves over the space of vacua, and of a 
meromorphic 1-form dX on each of these curves. The renormalized order 
parameters a^ of the theory, their duals ar>,ki an d the prepotential T are 



given by 

2iria k = f dX, 2nia Dk = & d\ a Dk = — - (2) 

JA k JB k oa k 

with A k , B k a suitable set of homology cycles on the spectral curves @. 

For all Af=2 supersymmetric gauge theories based on classical gauge 
groups with Nf hypermultiplets in the fundamental representation of the 
gauge group, the spectral curves and meromorphic 1-forms are 



y 2 = A 2 (x) - B(x) 

*( A >- — 

y { 2B 



d\= X - (a! - 4f 1 dx (3) 



where 



SU(r + 1) 


r+l N f 

A(x) = Yl (x - o fe ) B(x) = A 2 ]]_(x + m j 
fc— i j—i 


SO{2r+l) ] 

Sp{2rf \ A(x) 
SO{2r) J 


N f 

= x a Y[ (x 2 - a 2 k ) B{x) = A 2 x b J] {x 2 - m) 

fe=l j=l 


with A = A q 





(4) 



SU(r + 1) q = r + 1 - N f /2 

SO(2r +1) q = 2r - 1 - JV> 

Sp{2r) q = 2r + 2 - N f 

SO(2r) q = 2r-2-N f 



a = 


b = 2 


a = 2 


6 = 


a = 


6 = 4 



(5) 



respectively. The spectral curves (|J) for SO{2r + 1), Sp(2r) and SO{2r) can 
be obtained from the SU(2r) spectral curve by a suitable restriction on the 
classical moduli afc's and masses |19| . 

For gauge theories with classical gauge groups and asymptotically free 
coupling obeying the constraint q > 0, general arguments based on the holo- 
morphicity of J 7 , perturbative non-renormalization theorems beyond 1-loop 



1 For simplicity, we restrict attention here to the Sp(2r) case with at least two mass- 
less hypermultiplets. The cases with one or no massless hypermultiplets may be treated 
accordingly |fj|. 



order, the nature of instanton corrections, and restrictions of U(1)r invari- 
ance, constrain T to have the form 



T{a) 



2q 



1X1 



E«* + 



i=l 



4tt 



E(« ■ aflog 



[a ■ a) 



N r 



i j=l 
oo A Imq 

+ E^-^ (m) («) 



A 2 

A2 



(6) 



where Aj = ±e$ for SO and Sp and Aj = ej for SU in an orthonormal basis 
ej, and a are the roots of the gauge group G. (The SU(r) solution requires 
an additional overall factor of |). 

The terms on the right side are respectively the classical prepotential, 
the contribution of perturbative one-loop effects, and m-instanton processes 
contributions 0. A is the dynamically generated scale of the theory. 

3. Renormalization Group Type Equations 

In ||16|| , a renormalization group type equation for the prepotential T was 
derived using the SW ansatz equations (0) 



dA - z - 



717 



4 



(7) 



fc=i 



up to an additive term independent of a k and a& which is physically imma- 
terial. (The SU(r) case requires an additional factor of |). 

In [|TU| an efficient algorithm was presented for calculating the renormal- 
ized order parameters a k and their duals ao,k in terms of the classical order 
parameters a^ to any order of perturbation theory in a regime where A is 
small and the a^'s are well-separated. The calculation of a k starts off from 
equations (E3) and (131) producing a final result 



a k 



Ea 2 

m=0 



2m i\{m) ( 



l A 



a 



(8) 



2 The normalization of the instanton contributions in the present paper differs from that 
of E3llE9| by a factor — U for SU(N C ) and ^ for SO(2r+l), 5p(2r), and SO(2r). For 



our purposes, it will be convenient to use the normalization of (ph. 



where we set A^ (a) = a k , and we have 



Ai m) (a) 



d 



2m -1 



2 2m (m\) 2 \9a fc 



S k (a k ,a) m , m^O 



(9) 



with 



rJVf 



SU(r + l) S h {x,a)~ U ^ x + m ^ 



SO{2r + l) S k {x,a) 



Sp(2rY S k (x,a) 



SO{2r) S k {x,a) 



Ui^ k (x-ai) 2 

x 2 l\jli(x 2 - rrif) 

(x + a k ) 2 UiM x2 - a f) 2 

l\fli 2 (x 2 - m 2 ) 



[x 



2N2 



ak) 2 UiM x2 ~ a f) 
{x + a k ) 2 Y\i-L k (x 2 -af) 2 



(10) 



and A defined as previously @. 

Equations ©(H)© (10) suffices to determine the prepotential T in terms 
of the renormalized order parameters a k order by order in powers of A 2 . 



4. Recursion Relation for the Prepotential T 

A very direct way of deriving the form of the instanton corrections to the 
prepotential T starts off from the beta function on the right hand side of (|7|). 
Substituting the ansatz for the prepotential © into the beta function (0), 
one obtains 

r r oo 

E^ = E^+Ea 2 ^ w W (ii) 

fc=l fc=l m=l 

Substituting (||) into ([0]), one obtains 







E 
fc=i 



1 2 



E A 2m A fc 

.m=0 



2m A M / _s 



E(AL U; (a)) 



(°)^^2 



fc=l 



OO 



oc 



+ Y, A 2m JFM( £ A 2n Ai n) (a) 



m=l \n=0 

,2 



(12) 



Expanding in powers of A in the last term and replacing the a k s with a k s, 



the m-th order instanton correction to the prepotential T takes on the form 



_ jr(m) i 



E 
fc=i 



£ AW(a)A^(o 



00, 



i,j=0 
■i+j=m 



n-1 



+ E^ E E 

™=1 ' /9l,-,/9n+l=l ai,-,an=l 

/3iH h/3„+i—m 



n^i 



i=l 



5 



/=1 ^«c 



^ (/3 " +l) (a) 



(13) 



which is a linear recursion relation for T^'^a) in terms of the lower order 
instanton corrections jF( m_1 )(a), . . . ^^(a). 

The intriguing part about the recursion relation ([13]) for !F^ n '{a) is that 
it is linear in jF( n_1 )(a), • • • , J-^ l '{a) and is valid for all classical gauge groups 
with the number of hypermultiplets in the fundamental representation con- 



strained by q > 0. Previous recursion relations [|TT|] were only valid for SU(2) 
with no hypermultiplets and were non-linear. 

5. Instanton Expansion of the Prepotential T 

Order by order in powers of A 2 , the first six instanton corrections ([H]) to 
the prepotential T are 



T^\a) = £2A?>(a)A«(a) 

fc=i 

-TV\a) = E[2Ai 0) (a)Ai 2 )(a) + (A«(a)) 2 ]+EA 



k=i 



C 1 )/ 



dp?* {a) 



k=l 



dai 



= E[2Ar(a)Af(a) + 2Ai 1 )(a)Ai 2 )(a 

+ fc fU(,) ^ (2)(a) \JL^) dJr{lKa) 

d 2 ^(a) 



+ k ai^^aw 



2! 



k,m=l 



dauda 



kUU, m 



(14) 
(15) 



(16) 



-^ (4) (a) 



-T^\a) 



-^\a) 



+ E 

^=1 



k=i 

| Q W +AJr'(a,— — 



= £ [2Ai°)(a)Ai 4 )(a) + 2A«(a)At 3 )(a) + (Af(a)) : 
fc=i 

-9^ (2) (a) A (3) 
' 5 V ; +Af (a,— r— 



A ' ,(a '^ 



v (2), 



^W(fl) 



fe,m=l 






da k da m da n 



"in 



+ ± E A«(o)A«(a 

fc,m,rz=l 

! ^~- ~ rAfe (a) ^^ + Afe (aj ^T 



= E[2Ai 0) (a)Af(a) + 2A«(a)Ai 4 )(a) + 

! 1 



fc=l 



2Ai 2) (a)Ai 3) (a) 



+ E 
fc=i 



oa k 



+ Afe (OJ da k 



2: , 



r 

E 



A«(«)A«(«)^W 

da k da m 



+ 2a; 



^M + 2A a. (0)Ai , (a) ^M 

'>"">" da k da m 






+ ^y E 

fc,m,n=l 



+ 



3A[ 2) (a 






^(a) 



+ ii E ^ 

fc,m,n,£=l 

= £ [2Ai 0) (a)Ai 6) (a) + 2Ai 1) (a)At 5) (a) + 2Ai 2) (a)Al 4) (a) 
fc=i 

+ (Af (.))*] + £ [Af'W^ + Ai 2 V)^) 



(17) 



k,m=l 

+ Al 2) (a)AL 2) ( 



A^(a)Afi) 



l)( d 2 F^\t 



da k da m 



+ 2AW(a)Ag)( f 



d 2 F^{ 



da k da m 



d 2jr(2). 



da k da 



+ 2Ai 1} (a)A^(a) 



k uu, m 

d 2 ^ 2 \a) 

da k da m 



-2A ( i\a)Ag\a 
+ 2A«(a)Ag)(c 



<9 2 ^ 3 >(a) 
da k da m 
d 2 FW(a) 
da k da m 



+ 



3! 



E 

fc,m,n=l 



A«(a)A«(o)A«(a) 



da k da m da n 



+ 3Ai 1} (a)A«(a)A( 3 )(6 
+ 3Ai 1) (a)A«(o)Ai 2 )(c 
+ 3A«(a)A^(a)Ai 2 )(, 



da k da m da n 

d 3 ^ 2 \a) 

da k da m da n 

da k da m da n 



+ 



4! 



E 



k,m,n,l=l 



Ai 1) (a)AW(a)A«(a)A«(o 



a 4 ^( 2 )(c 



+ 4Ai 2) (a)A«(a)Ai 1 )(a)A 



W/ 



da k da m da n dai 
a 4 JFW(a) 



da k da m da n dai 



1 



+ 77 E Ai 1) (a)AW(a)A( 1 )(a)Aj 1) (a)Ai 1 



W/ 



1)| 



^^•(^(c 



5! 



fc,m,n,l,o=l 



da k da m da n daida 
(19) 
A closer examination of the recursion relation (|i~3|) for the prepotential JF 



reveals that there is always a term of the form 



2EAr(a)Ar>)=2E^r>) 

fc=l 



(20) 



fc=l 



When performing explicit calculations for special cases of N c and Nf, it is 
useful to rewrite terms of the form (|20|) so that there are no a k s sitting out in 
front. Using the definition (10) of S k (x,a) and performing contour integrals 
in the complex plane by residue methods as in fli~0| , it can be shown that 

2n-2 



2$> fc A 



W, 



(2n-l) ,A J)J 
2—i \ x„_ 



k=i 



2 2n-l( n! )2 ^ ^ 



S k (a k , a) n 



(21) 



up to an at independent term that is physically immaterial for q > 0. 

6. Comparison with Previous Results 

In order to make explicit comparisons with results in the literature, the 
instanton corrections have to be rewritten in terms of symmetric polynomials 
in the a^'s as follows. 

For SU(2), the existing results in the literature have the instanton ex- 
pressions expressed in terms of 

a\ = 2a 

a 2 = -2a (22) 

Solving the recursion relation (|13|) for the pure SU{2) case, the explicit 
form for the n-th order instanton correction to the prepotential T was deter- 
mined to be 



,^ M I y f4n-3\(-l)'--' y . 



ni- 



where 



(23) 



b = i2n - 3)U (24) 



which agrees with previous results @|T0[ Q- 

Explicit evaluations for Nf = 0, 1, 2, 3 were performed, with Nf 
summarized here. 



jr(l) 



2 2 a 2 

tt(2) = _J_ 

2 8 a 6 
(3) _ mim 2 m 3 



a (mi + m 2 + 7713) + mim2m^ 



11„10 



2 n a 



6 1 4/ 2 1 2 1 2\ 2 / 2 2 , 22, 2 2\ , r- 2 2 2 

a + a (m 1 + m 2 + m 3 ) — a [m l m 2 + m l m 3 + m 2 m 3 ) + bm l m 2 m 3 

o 6 1 c 4/ 2 1 2, 2\ ^2/22, 22, 2 2\ 

3a + 5a (m-L + m 2 + m 3 ) — 7a {m 1 m 2 + m 1 m 3 + m 2 m 3 ) 



3 Our results agree exactly with those of P to eight instantons with the replacement 

A 2 . A» 



2 



+ Qm\m\m\ 

^ = ^K- 6ffil Vi+ m '+ m 3)+« 8 [5(m! + ™2 + ^) 
+ 1 00 (m 2 m 2 + m\m\ + m\m\)] + a Q \\YJQm\m\m\ 

— 126 (m^m 2 , + m\m\ + mfm 3 + m\m\ + m 2 m 3 + m^mg)] 

+ a 4 [153 (mfm^ + m\m\ + m 2 mf) + 1332m 2 mlml(ml + m\ + raf)] 

— lA3Qa 2 m\m\m\(m\m 2 , + m\m\ + m\m\) +lAQQm\m\m\ \ 

F {5) = ^?{35a 12 -210a 10 K + m^ + m2) 

+ a 8 [207(m 4 + m^ + m 2 ) + 1260(m?m2 + ^mg + m^)] 

— 1210a 6 (m\m\ + m 2 m 2 + m\m\ + m 2 m 3 + m 2 m 2 + m 2 m 3 ) 

+ a 4 [1131(m 4 m2 + m\m\ + m 2 m\) + 5960777 2 7772777 2 (777 2 + m 2 + ^3)] 

— 5250a 2 m 2 m 2 ,m 2 (m 2 m 2 , + m\m\ + m\m\) +4471m 1 m 2 77i 3 7 

:F(6) = ^^{5a 16 (m2 + m2 + m2)-a 14 [210(m^ + m^ + m^) 
+ 14(m 4 + m 4 + m 4 )] + a 12 [9(m 6 + 7773 + m 6 ) + Q^7m\m 2 2 m 2 3 

/ /I O 0/1 /I O 0/1 /10 0/1\n 

+ 801(777 1 777 2 + m 1 777 2 + VTb^m^ + m^TTlg + VTb 2 m 3 + 777 2 777 3 )J 

— a 10 [660 (m^m^ + m 2 m 2 + 777^7773 + m\m\ + m 2 m^ + m\m\) 

/ A A A A A A \ OOO/O 0\n 

+ 330(777 1 7772 + 777 1 777 3 + 777 2 777 3 ) + 2AA2Qm l m 2 m 3 {m 1 + m 2 + ^3)] 
+ a 8 [2769(m 6 m2 + m\m\ + m\m\ + m 4 77?| + m 2 m 3 + m^m 6 ) 

000/ /A. A. A.\ /00 00 \ \ n 

+ m 1 7772777 3 (19851(777 1 + 777 2 + 777 3 ) + 87945(777 1 7772 + 777 1 777 3 + 777 2 m 3))J 

— a 6 [295050m 4 m 4 m 4 + 2310(m 2 m 2 + m 2 777 2 + 777 2 777 2 ) 

/.nnn 2 2 2/42, 24, 42, 24, 42, 2 4m 

+ d9510777 1 777 2 777 3 (?T7 1 7772 + 777 1 777 2 + m 1 m 3 + 777 1 777 3 + 777 2 777 3 + 777 2 777 3/ )J 

/1000r / A A A A A A \ 000/0 0\t 

+ a m^gmg [53839(771^2 + m 1 m 3 + m 2 m 3 ) + 22AA85m 1 m 2 m 3 (m 1 + m 2 + m 3 )\ 

— 166896a 2 m 4 m27773(m 2 7772 + m\m\ + m\m\) + ^lWlmlWjmg }• 

A check of the hypermultiplet decoupling limits of the iVj> = 3 instanton 
corrections, by letting A 3 m 3 = K 2 and sending m 3 — > 00, reproduces the 
Nf = 2 results. A further decoupling of a second hypermultiplet, by letting 
A 2 7772 = A 2 and sending m c — > 00, reproduces the Nf = 1 results. Com- 
parison with results in the literature ^L% fllPl fli~4l show an agreement to four 



instantons up to a redefinition of the a^'s as discussed in |10 

10 



For SU(3), the existing results in the literature have the instanton cor- 
rections expressed in terms of the invariant SU(3) symmetric polynomials 
u, v and the discriminant A 



u 
v 

A 



— d\(l2 — CJ1CJ3 — (l^Ob^ 
CLlCL2&3 

4w 3 - 27w 3 



and the p-th symmetric mass polynomials 

t p (m) - 



E 
ji<-<j P 



m jl ---m jp 



(25) 



(26) 



Explicit evaluations for Nf = 0, 1, 2, 3, 4, 5 were performed, and are sum- 
marized here for Nf = 0. 



jrd) 



r 



(5) 



jr(6) 



A' 



; 3w 

A^ 



A 12 u 

16 
3A 18 m 

16 
A 24 ?x 
4096 

30488k:) 



10935v 2 153 

A 3 + A 2 " 



4782969w 4 161109v 2 3851 

4 



2A 5 



2A 4 



A 3 



1707362095023v 6 91216001799v 4 125460098k 2 

— +- 



A 7 



A 6 



A 5 



+ 



A 4 



5A 30 w 
4096 



3788227372819653t» 8 277223767370307w 6 



10A 9 



10A 8 



644738959934k 4 5011003772k; 2 7400133 

+ -TT-. + -TTT H" 



10A 7 



10A e 



A 5 



3A 3 S 
65535 



24952152189682606959w 10 2319087386959542567w 8 
+ 



2A 



li 



2A 10 



3818513543384690k 6 52516602155276k 4 

+ TT + 



A 9 
5323867298775-u 2 



A 8 



+ 



2A 7 



5295230391 
2A 6 " 



11 



A check of successive hypermultiplet decoupling limits of the Nf = 5 instan- 
ton corrections reproduces all of the Nf < 5 cases accordingly. Comparison 
with results in the literature || |IIJ |Tj| [[TJj] snow an agreement to three in- 



stantons up to a redefinition of the a^'s as discussed in JT^ . 



7. Summary 

The recursion relations discovered in this paper improve considerably the 
ability to evaluate explicitly the non-perturbative instanton corrections to 
A/"=2 super Yang-Mills theories. Possible extensions to other problems like 
the strongly coupled Af=2 SUSY SU(N C ) Seiberg-Witten problem 0||T 
were also investigated 
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Appendix 

A. Classical Moduli in Terms of Quantum Moduli 

Another way of evaluating the beta function (|7|) of the prepotential T 
involves inverting (Rf) to get 



a k = a k +Y,^ m Pt\a) (27) 



where the /?&(a)'s are functions of the renormalized order parameters a^. 

A very direct way of deriving the form of the ^(a)'s involves starting off 
with ( P7| ) and substituting in equation (|j) to get 

oo oo / oo \ 

= J2 A 2m A 4 (m) (a) + ]T K 2m f3\ m) f] A 2m Ai m) (a) (28) 

m=l m=l \r?i=0 / 
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Expanding in powers of A 2 in the second term and replacing the a^'s with 
afe's, one obtains 



Pt\a) = AfV) 



m— 1 



n-1 



1=1 ' /3i,-,/3 n+ i=l ai,-,«n=l 

/3iH h/3„+i=m 



nA?< 



,i=i 



n 



<9 



i <9a c 



/f" +l) (a) 



(29) 



Order by order in powers of A 2 , the first few /3fc(a)'s are 

-4 1} (a) " * (1) < 

-4 2 V) 



A^(a) 






(3), 



(D, o) ^%) 



/r (a) = ArV)+E 



i=l 



9a ; 

,(2) 



(i), 



(D^WV) , A (a), „x W(«) 



+ ^E Af'(a)A« 



da; 



A[» : 



<9a z 



t,m=l 

-^ 4) (a) = Ai 4) (a)+t 

z=i 

(i)/ 



daida m 

}(3)/ 



+ Ar(a 



P0^W ; (o) 



|2o(2) 



<9a; 



+ 2A 1 »(o)Ag)(< 



(,m=l 

daida m 



+ 



I t Ap»(a)A«(a)A«( a) ^M 



i!" W A»( )^ 
G>a z c>a m 



3fl(l)/ 



3! 



Z, 771, 71=1 



daida m da n 



Substituting ( |29| ) into ( JTT| ) reproduces the instanton corrections to the pre- 
potential fll3|) order by order in A 2 . 
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